(a) Illustration of a current-voltage behavior with NDR. An applied voltage VA, along with three possible current levels (iH, iL and iU) are marked. (b) Case 1: VA applied instantly in a single step (red), and the resulting current (blue). The initial transient variation in the current caused by inevitable capacitance in the system can be significant enough for the system to overshoot iL and settle into the unstable steady state iU. Subsequently, this unstable state will decompose into two domains characterized by current densities characteristic of the neighboring stable steady states. Case 2: VA applied over multiple sequential steps (red), and the resulting current (blue). Since the voltage amplitude at any given step is much smaller than in Case 1, the transient current levels are significantly smaller in magnitude, and hence are not sufficient to overshoot the lowest steady state. Upon reaching VA, the system settles into iL. Thus, transients following a step voltage can access unstable steady states in a system, whereas a voltage sweep cannot access the unstable part of the i-v curve. The dashed red and blue lines in Case 2 represent the inferred experimental measurement during a quasi-dc voltage sweep.
Supplementary Figure 2:
Stabilization criteria for RS. Steady-state temperatures plotted against RS calculated using the procedure described in main manuscript Fig. 1 for the maximum Vext for which NDR was observed, if any. Stable (black and blue) steady-states and unstable (red) steady-states are plotted. The minimum value of RS required to stabilize NDR is equal to RNDR. In all calculations, an internal electrode resistance of ~100 Ω was assumed. Schematic current-voltage curve during the first non-volatile resistance change of a memristor driven by a voltage source. The circuit contains an additional series resistor to limit the current (represented by the dashed blue line) during the transition from the high-resistance state to a low-resistance state. In the highresistance state (solid red curve), the additional series resistance is negligible compared to the memristor resistance, whereas in the low-resistance state (solid blue curve), the series resistance is higher than the memristor resistance. In the high-resistance state, nearly all the source voltage drops across the memristor, which is thus voltage driven. However, in the low-resistance state, since the series resistance dominates, the memristor is operated by a voltage source in series with a larger series resistor, which is essentially a current source. Thus, the electroforming operation causes a current-density decomposition, producing a high current and temperature channel that undergoes physical and chemical changes. , along with a magnified vide of the region used to choose the three different current levels. Since the blue curve crosses the red curve at about 0.6 V, there was some difference in the device configuration between the two curves. During electroforming, due to several material and interfacial effects, there was an additional series resistance added to the device (so the new electrode resistance was higher than the virgin electrode resistance). Since our data is reported for steady state, we consider the new value of electrode resistance. This is why, to match our experimental conditions, we chose iH as that limited by the device. A current limit of 1.5 mA was required while collecting this data to prevent the device from being destroyed by Joule heating. The resulting volatile threshold switching is shown. The first sweep required a slightly higher voltage compared to the subsequent repeatable sweeps and likely produced irreversible material changes. This data was obtained on a micrometer-sized crosspoint device. By comparing this result to the data obtained using a current source in main manuscript Fig. 5a , we can see that both the current-controlled NDR and the Mott-transition-driven instability are contained within the voltage-sweep pinched hysteresis loop, which is a fingerprint of a memristor.
Supplementary

Supplementary Figure 15: NDR observed in amorphous and crystalline NbO2.
(a) Repeatable currentvoltage curve of a device that has not been subjected to current above those required to cause NDR-2. These current levels also did not cause irreversible crystallization of the NbO2 layer. Thus, the NDR-1 (currentcontrolled NDR) observed here represents the behavior of the amorphous NbO2. (b) Current-voltage curve of the same device in (a) upon the first instance of subjecting it to current levels above those required for NDR-2. The sharp changes (that were irreproducible and irreversible) are most likely associated with the irreversible crystallization that was confirmed by electron microscopy. (c) Repeatable current-voltage plot of the same device after the behavior observed in (b). The NDR-1 and NDR-2 observed here represent the behavior of the crystalline NbO2. (d)-(f) Electron diffraction patterns obtained from a transmission electron microscope on three different devices that were subject to different current levels, using a current-source -α: no applied current, β: an applied current sufficient to cause a current-controlled NDR, but insufficient to cause a Mott-transition-driven instability, and γ: an applied current that was sufficient to cause a Motttransition-driven instability. The cases for α and β display no clear diffraction spots, indicating an amorphous structure, whereas the case of γ displays clear diffraction spots corresponding to a tetragonal Supplementary Equation (2) For even a moderate temperature increase of about 70 K to cause NDR, Δ is at least two orders of magnitude greater than Δ and hence Δ very closely represents the internal energy of the system.
Supplementary Note 2: Free energy during decomposition
While the internal energy represented by Δ indicates an important thermodynamic difference between a system's unstable and decomposed configurations, the free energy of the system, which accounts for both internal energy and entropy, could provide additional insights. Such insights may include a measure of disorder in the different configurations, spontaneity (or the lack of) of the process of electronic decomposition under given conditions, and the reversibility of the process. It must also be appreciated that precise estimations of several such thermodynamic quantities during decompositions involve non-trivial situations including non-equilibrium conditions, nonlinear dynamics, temporally changing physical parameters, and the effect of amplified ambient fluctuations, among several others. In this supplementary note, we provide highly simplified calculations of the free energy of the system, which are meant to identify another thermodynamic quantity that distinguishes an electronic decomposition. An in-depth examination of the thermodynamics and the nature of electronic decompositions remains a topic of interest for a dedicated study.
We calculate the free energy of the decomposed configuration (Δ ) of the system using Supplementary Supplementary Equation (4b)
